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Abstract
Explicit expressions for pion correlators are derived in position-space, employing Chiral Perturbation
Theory (ChPT). Resonance exchange contributions are included to test the range of applicability of the
leading-order ChPT expressions. The obtained results will be useful for a forthcoming Lattice-QCD
study of double parton distributions in the pion.
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I. GENERALITIES
We consider matrix elements of the form
C00PP (x, y) := 〈pi(p′)|TP 0 (x)P 0 (y) |pi(p)〉 , C00SS(x, y) := 〈pi(p′)|TS0 (x)S0 (y) |pi(p)〉 ,
CabPP (x, y) := 〈pi(p′)|TP a (x)P b (y) |pi(p)〉 , CabSS(x, y) := 〈pi(p′)|TSa (x)Sb (y) |pi(p)〉 ,
CabAA,µν(x, y) := 〈pi(p′)|TAaµ (x)Abν (y) |pi(p)〉 , CabV V,µν(x, y) := 〈pi(p′)|TV aµ (x)V bν (y) |pi(p)〉 ,
with position four-vectors xµ, yµ and currents
P a(x) := iq¯(x)γ5τ
aq(x) , P 0(x) := iq¯(x)γ5q(x) , S
a(x) := q¯(x)τaq(x) ,
Aaµ(x) := q¯(x)γµγ5
τa
2
q(x) , V aµ (x) := q¯(x)γµ
τa
2
q(x) , S0(x) := q¯(x)q(x) , (1)
where τa, a = 1, 2, 3, are the Pauli matrices, and we have suppressed here the channel (particle
species) or isospin indices of the pions. Here we are interested in the non-trivial dependence
of these matrix elements on the distance x − y. More specifically, we are interested in those
contributions which stem from an exchange of one or more particles between the vertices at
x and y which give the most important contributions for large distances |~x − ~y| & 1
Mpi
. We
will therefore disregard contact-term contributions ∼ δ3(~x−~y), as well as disconnected graphs,
e. g., graphs where the external pions are not connected to the vertices at x and y. The latter
are of the form
Cspect.OO (x− y) = 2Ep(2pi)3δ3(p′ − p)〈0|TO (x)O (y) |0〉 , (2)
where Ep =
√|p|2 +M2pi . The ChPT results for the vacuum expectation values on the r.h.s.
(at the one-loop level) can e. g. be found in Sec. 12 and 13 in [1]. Moreover, disconnected
graphs like the ones in Fig. 1 do not lead to a non-trivial dependence on the distance, and
will not be considered here. The contributions from fully connected graphs, on which we will
focus in this work, are subsumed in Cconn.OO . We will compute the dominant long-range part of
this quantity here, in the framework of ChPT [1, 2], following the general methods spelled out
e. g. in the textbook [3] (see Chapter 6 and Eqs. (10.4.19,20) therein, and also Chapter 9 of
[4]), which are based on Green functions, path integrals and the effective action [5–9]. We will
also test the range of applicability of those ChPT formulae by a comparison to some specific
higher-order contributions generated by tree-level resonance exchange graphs. The necessary
Feyman rules and Fourier integrals are collected in App. A and B. In App. C, we include the
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demonstration of some general relations between the matrix elements in the limit of vanishing
pion masses and momenta, which are well-known in the literature as “soft-pion” theorems. The
results will be relevant for a forthcoming study of double parton distributions in the pion [10],
employing Lattice QCD (see also [11] for an earlier lattice study).
A. General structure of the contributions
Schematically, the contributions from the connected graphs are of the form
G(p, p′, qext, q′ext) =
∫
ddqi1
(2pi)d
∫
ddqi2
(2pi)d
. . .M (p, p′, qext, q′ext, qi1, qi2, . . .)
∏
V
(2pi)dδd(qV ) (3)
in d-dimensional momentum space. The delta functions assure four-momentum conservation
at every vertex V . M is the remainder of the amplitude, where all delta functions have been
extracted. Integration over all internal four-momenta qi1, qi2 . . . leaves us with only one delta
function δd(p′ + q′ext − p − qext), which expresses the overall momentum conservation. Here
qext, q
′
ext label the four-momenta running in or out of the diagram at y and x, respectively,
transferred by the external source fields v, a, s, p (see below). The amplitude in position space
is obtained by Fourier transformation (see e. g. [4], Eq. (6-20)),
C···(x, y) =
∫
ddq′ext
(2pi)d
∫
ddqext
(2pi)d
e−iq
′
extxeiqexty(2pi)dδd(p′ + q′ext − p− qext)M¯ (p, p′, qext, q′ext) . (4)
Here M¯ directly results from the integration over internal four-momenta in M . In the specific
framework of ChPT applied here, the generating functional of all QCD correlators is evaluated
by means of a path integral involving an effective low-energy Lagrangian Leff(U, v, a, s, p . . .)
(see [1], and Eqs. (1) and (2) of [12]),
eiZ[v,a,s,p] = 〈0|T exp
(
i
∫
d4x q¯[γµ(v
µ + γ5a
µ)− (s− ipγ5)]q
)
|0〉
=
∫
[dU ] exp
(
i
∫
d4xLeff(U, v, a, s, p . . .)
)
. (5)
Formally, all QCD Green functions can be obtained by taking functional derivatives of the
generating functional w.r.t. the external source fields s, p, vµ, aµ, . . . (it is possible to extend the
analysis to higher-rank tensor fields to analyze matrix elements of more complicated operators
(see e. g. [13–16])). The matrix field U collects the pion (Goldstone boson) fields in a convenient
way (see below). The effective Lagrangian has to be invariant under local chiral transformations
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of the Goldstone boson and source fields, and shares all other symmetries of LQCD. A formal
proof that low-energy QCD can indeed be analyzed in this way has been given by Leutwyler
[17]. The effective Lagrangian and the perturbation series are ordered by a low-energy power
counting scheme, counting suppression powers of Goldstone boson momenta and masses (or
quark masses). For details and further references, we refer to [1, 17, 18]. Since the Feynman
rules are read off from iLeff , we note from a comparison of the l.h.s. and the r.h.s. of Eq. (5)
that we must multiply our graphs with a phase factor (−i)n(+i)m to obtain the result for a
correlator involving n operators P (x), V (x) or A(x) and m operators S(x). This is because the
factors of i, which we include in our Feynman rules also for vertices with external sources, are
cancelled when taking functional derivatives δ/δip, −δ/δis . . . of Eq. (5).
At leading chiral order, the effective Lagrangian is given by (see [1, 2])
L(2)M =
F 2
4
〈∇µU †∇µU〉+ F
2
4
〈χU † + Uχ†〉 , (6)
with χ = 2B(s + ip), s =M + δs, where M is the quark mass matrix, and δs the remaining
part of s. The brackets 〈. . .〉 denote the flavor (or isospin) trace, F is the pion decay constant
in the chiral limit, and
∇µU = ∂µU − i(vµ + aµ)U + iU(vµ − aµ) .
Here U = exp(i
√
2φ/F ) with φ = φjλ¯j, where j is a channel (particle species) index which
labels the specific pion, and λ¯ are the pertaining channel matrices. We write out φ as
φ = pi0λ¯pi
0
+ pi+λ¯pi
+
+ pi−λ¯pi
−
,
see also App. A. Let us consider an example with just one operator insertion: From the vertex
rule (A.4), we find
〈0|P a(x)|pij(p)〉 =
∫
ddqext
(2pi)d
eiqextx(2pi)dδd(p+ qext)
(√
2BF 〈λ¯jτa〉+O(p2)
)
= Gpie
−ipx 〈λ¯jτa〉√
2
, Gpi = 2BF +O(p2) , (7)
while the matrix element for the pseudoscalar isosinglet current vanishes at leading order,
〈0|P 0(x)|pi0(p)〉 = G˜pie−ipx , G˜pi = 0 +O(p2) . (8)
With the same method, and Eq. (A.5) we also find (see e. g. Eq. (15.9) in [1])
〈pik|q¯q|pij〉 = i (−2iB〈λ¯jλ¯k†〉)+O(p2) = 2Bδjk +O(p2) . (9)
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The pion propagator in momentum space is also easily derived from L(2)M ,
i∆pi(q) :=
i
q2 −M2pi
, (10)
for a four-momentum q of the propagating pion.
FIG. 1: Two disconnected Feynman graphs contributing to PP,AA at leading chiral order. The
dashed lines represent the pions. In this work, only the results from fully connected graphs are given
explicitly.
B. Isospin symmetry
For isoscalar operators, marked with the index 0, isospin symmetry (which we will assume in the
following) requires that the matrix representation of the operator is diagonal in the (cartesian)
isospin indizes c, d = 1, 2, 3 of the pions,
〈pid|TO0 (x)O0 (y) |pic〉 = δcdC00OO(x, y) , (11)
with C00OO(x, y) independent of the individual isospin components (a simple consequence of the
Wigner-Eckart theorem). For isovector operators, the symmetry requirement is less trivial:
Here there are three independent coefficient functions. One can e. g. decompose
〈pid|TOa (x)Ob (y) |pic〉 = (δabδcd + δacδbd + δadδbc)C1(x, y) + (δacδbd + δadδbc)C2(x, y)
+
(
δacδbd − δadδbc)C3(x, y) . (12)
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Obviously, the function C3(x, y) has to be antisymmetric under x ↔ y, whereas C1(x, y),
C2(x, y) are symmetric under this operation. As an example, we give the representation of
some specific PP isovector matrix elements,
〈pi+(p′)|TP 3 (x)P 3 (y) |pi+(p)〉 = C1(x, y) , (13)
〈pi0(p′)|TP 3 (x)P 3 (y) |pi0(p)〉 = 3C1(x, y) + 2C2(x, y) , (14)
and also for some other isospin structures,
〈pi+(p′)|u¯(x)iγ5d(x)u¯(y)iγ5d(y)|pi−(p)〉 = C1(x, y) + C2(x, y) , (15)
〈pi+(p′)|q¯(x)iγ5τ 3q(x)u¯(y)iγ5d(y)|pi0(p)〉 = 1√
2
(C1(x, y) + C2(x, y) + C3(x, y)) , (16)
〈pi+(p′)|u¯(x)iγ5d(x)d¯(y)iγ5u(y)|pi+(p)〉 = C1(x, y) + 1
2
(C2(x, y)− C3(x, y)) . (17)
This representation is generally valid assuming isospin symmetry. Note that an additional
factor of 4 appears on the r.h.s. of the previous equations if the pseudoscalar operators are
replaced by their vector or axial-vector counterparts, because factors of 1
2
are included in the
operator definitions in Eq. (1). The mixed isoscalar-isovector case,
〈pid|TO0 (x)Oa (y) |pic〉 = idacCmixOO (x, y) , (18)
will not be considered here, as most of the pion-exchange contributions to such correlators
vanish at the order we are working.
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II. PION EXCHANGE CONTRIBUTIONS
Taking into account the Feynman graphs of Figs. 2 and 3, tree-level ChPT at leading order
gives the following results for the functions C00··· and C
···
1−3 :
In the case of isovector pseudoscalar operators (indicated by the superscript PP ), we find
CPP1 = 4B
2ei
∆
2
(x+y)
(
M2pi −∆2
)
I∆pipi(x− y) , (19)
CPP2 = −4B2ei
∆
2
(x+y)
(
cos
(
∆
2
(x− y)
)
Ipi(x− y) +
(
2M2pi −
3
2
∆2
)
I∆pipi(x− y)
)
, (20)
CPP3 = 8B
2ei
∆
2
(x+y)p¯ · (x− y)I∆(1)pipi (x− y) . (21)
We use the notation ∆ = p′ − p, p¯ = 1
2
(p+ p′), where p (p′) is the four-momentum of the
incoming (outgoing) pion. The Fourier integrals Ipi ≡ IM(M → Mpi), I∆pipi ≡ I∆MM(M →
Mpi) etc. can all be found in App. B. The function C
PP
3 (x, y) vanishes if p¯ · (x − y) = 0 .
CPP1 (x, y) is suppressed w.r.t. C
PP
2 (x, y), since only the latter function contains the “large”
integral IM(x − y). This is consistent with the representation in the chiral limit, given in
Eq. (C.19).
For (iso-)scalar operators, we find at leading order accuracy that C00PP = 0, C
SS
1,2,3 = 0 and
C00SS = 8B
2ei
∆
2
(x+y) cos (p¯ · (x− y)) Ipi(x− y) . (22)
The pion-exchange contributions to vector-isovector matrix elements are given by
(CV V1 )
µν = 2ei
∆
2
(x+y) cos (p¯ · (x− y))
(
gµνI(2)pi + (x− y)µ(x− y)νI(3)pi
+ (∆µ(x− y)ν −∆ν(x− y)µ) I(1)pi +
(
p¯µp¯ν − 1
4
∆µ∆ν
)
Ipi
)
(23)
+ ei
∆
2
(x+y)i sin (p¯ · (x− y))
(
(p¯ν∆µ − p¯µ∆ν) Ipi + 2 (p¯µ(x− y)ν + p¯ν(x− y)µ) I(1)pi
)
,
(CV V2 )
µν = −3
2
(CV V1 )
µν , (24)
(CV V3 )
µν = −ei∆2 (x+y)i sin (p¯ · (x− y))
(
gµνI(2)pi + (x− y)µ(x− y)νI(3)pi
+ (∆µ(x− y)ν −∆ν(x− y)µ) I(1)pi +
(
p¯µp¯ν − 1
4
∆µ∆ν
)
Ipi
)
(25)
− ei∆2 (x+y) cos (p¯ · (x− y))
(
1
2
(p¯ν∆µ − p¯µ∆ν) Ipi + (p¯µ(x− y)ν + p¯ν(x− y)µ) I(1)pi
)
.
(CV V3 )
µν vanishes in the limit p, p′ → 0, so that the isospin structure of the matrix element is
compatible with the low-energy theorem in Eq. (C.12).
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FIG. 2: Feynman graphs contributing to the vac. exp. value of PP,AA (first) and to the pion
correlators of SS,VV (second and third graph, “Z”-topology) at leading chiral order. The crosses
stand for the operator insertions at x and y.
FIG. 3: Graphs contributing to the pion correlators of PP,AA at leading chiral order (“T”-and
“X”-topology).
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For the axial-vector case, we find
(CAA1 )
µν = −ei∆2 (x+y)
(
cos
(
∆
2
· (x− y)
)(
2Iµνpi − ((x− y)µ∆ν − (x− y)ν∆µ) I(1)pi
)
+ i sin
(
∆
2
· (x− y)
)
((x− y)µ∆ν + (x− y)ν∆µ) I(1)pi
)
(26)
+ ei
∆
2
(x+y)
(
M2pi −∆2
)(
Iµνpipi −
1
4
∆µ∆νI∆pipi +
1
2
((x− y)µ∆ν − (x− y)ν∆µ) I(1)pi
)
,
(CAA2 )
µν = ei
∆
2
(x+y) cos
(
∆
2
· (x− y)
)(
3Iµνpi −
3
2
((x− y)µ∆ν − (x− y)ν∆µ) I(1)pi
)
+ ei
∆
2
(x+y)
(
3
2
i sin
(
∆
2
· (x− y)
)
((x− y)µ∆ν + (x− y)ν∆µ) I(1)pi
−
(
2M2pi −
3
2
∆2
)(
Iµνpipi −
1
4
∆µ∆νI∆pipi +
1
2
((x− y)µ∆ν − (x− y)ν∆µ) I(1)pi
))
, (27)
(CAA3 )
µν = 2ei
∆
2
(x+y)
(
gµν p¯ · (x− y)I∆(7)pipi + (x− y)µ(x− y)ν p¯ · (x− y)I∆(8)pipi
+ p¯µ(x− y)ν
(
I∆(7)pipi − ei
∆
2
·(x−y)I(1)pi
)
+ p¯ν(x− y)µ
(
I∆(7)pipi − e−i
∆
2
·(x−y)I(1)pi
)
+ p¯µ∆ν
(
I∆(9)pipi +
1
2
I∆(3)pipi
)
+ p¯ν∆µ
(
I∆(9)pipi −
1
2
I∆(3)pipi
)
+ (x− y)µ∆ν p¯ · (x− y)
(
I∆(11)pipi +
1
2
I∆(4)pipi
)
+ (x− y)ν∆µp¯ · (x− y)
(
I∆(11)pipi −
1
2
I∆(4)pipi
)
+ ∆µ∆ν p¯ · (x− y)
(
I∆(12)pipi −
1
4
I∆(1)pipi
))
. (28)
In the expressions for the V V and AA correlators, we have left out the argument x − y of
the Fourier integrals for brevity. While in the latter two cases, the predictions are parameter-
free, the PP and SS correlators depend on the QCD renormalization scale via the low-energy
parameter B. Numerical estimates for this parameter at µQCD = 2 GeV can be found e. g. in
the review [19].
A. Results for ~p = ~p′ = 0
In the case of zero four-momentum transfer, pµ = p′µ = p¯µ, ∆µ = 0, with p¯µ = (Mpi,~0), and
r :=
√−(x− y)2, the above results simplify considerably:
CPP1 = −
B2M2pi
2pi2
K0(Mpir) , C
PP
2 = −
B2M2pi
pi2
(
K1(Mpir)
Mpir
−K0(Mpir)
)
, (29)
CPP3 = −i
B2M2pi
pi2
(x0 − y0)
r
K1(Mpir) , (30)
C00SS =
2B2Mpi
pi2r
cos
(
Mpi(x
0 − y0))K1(Mpir) , (31)
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(32)
(CV V1 )
µν = −M
2
pi cos (Mpi(x
0 − y0))
2pi2r2
(
gµνK2(Mpir) + (x− y)µ(x− y)νMpi
r
K3(Mpir)
− p¯µp¯ν r
Mpi
K1(Mpir)
)
(33)
− M
2
pi sin (Mpi(x
0 − y0))
2pi2r2
(p¯µ(x− y)ν + p¯ν(x− y)µ)K2(Mpir) ,
(CV V2 )
µν = −3
2
(CV V1 )
µν , (34)
(CV V3 )
µν = i
M2pi sin (Mpi(x
0 − y0))
4pi2r2
(
gµνK2(Mpir) + (x− y)µ(x− y)νMpi
r
K3(Mpir)
− p¯µp¯ν r
Mpi
K1(Mpir)
)
(35)
− iM
2
pi cos (Mpi(x
0 − y0))
4pi2r2
(p¯µ(x− y)ν + p¯ν(x− y)µ)K2(Mpir) ,
(CAA1 )
µν = gµν
M3pi
8pi2r
(
K1(Mpir) +
4
Mpir
K2(Mpir)
)
+ (x− y)µ(x− y)ν M
4
pi
8pi2r2
(
K2(Mpir) +
4
Mpir
K3(Mpir)
)
, (36)
(CAA2 )
µν = −gµν M
3
pi
4pi2r
(
K1(Mpir) +
3
Mpir
K2(Mpir)
)
− (x− y)µ(x− y)ν M
4
pi
4pi2r2
(
K2(Mpir) +
3
Mpir
K3(Mpir)
)
, (37)
(CAA3 )
µν = i
(
Mpi(x
0 − y0)gµν − p¯µ(x− y)ν − p¯ν(x− y)µ) M2pi
4pi2r2
K2(Mpir)
+ i(x0 − y0)(x− y)µ(x− y)ν M
4
pi
4pi2r3
K3(Mpir) . (38)
Here, the Ki(z) are the modified Bessel functions of the second kind, see also App. B. For the
previous expressions it is straightforward to verify that
∂xµ(C
V V
i )
µν = 0 = ∂yν (C
V V
i )
µν , (39)
∂xµ∂
y
ν (C
AA
i )
µν =
1
4
(
M2pi
B
)2
CPPi , i = 1, 2, 3 . (40)
The first equation states the conservation of the vector current in the case of perfect isospin
symmetry, while the second equation is a direct consequence of the well-known PCAC relation
for the axial currents. We also note that, in the chiral limit Mpi → 0, the zero-momentum
results reduce to
CPP1,3 → 0 , CPP2 → −
(
B
pir
)2
← −1
2
C00SS , (41)
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in accord with the general theorems in Eqs. (C.16), (C.19), and
(CV V2 )
µν = −3
2
(CV V1 )
µν → 3
2pi2r4
(
gµν +
4
r2
(x− y)µ(x− y)ν
)
← −(CAA2 )µν ←
3
2
(CAA1 )
µν ,
(CV V3 )
µν → 0← −(CAA3 )µν , (42)
in accord with Eqs. (C.11)-(C.13). This limiting value is of little practical use, however, because
we can expect ChPT to give reliable predictions only for Mpir & 1.
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III. RESONANCE EXCHANGE
The pion exchange contributions calculated in the previous section are expected to dominate
at large distances r  M−1pi . For practical applications of those expressions, it is of interest
to quantify the relevance of higher-order contributions in this range of space-like distances.
Instead of performing a full one-loop calculation in pion ChPT, we attempt here an estimate
based on the exchange of the lowest-lying meson resonances relevant for the matrix elements
considered in this work. Such a strategy has often been successful in hadron physics [20–25],
and has lead (in connection with ChPT and the large-Nc limit of QCD [26]) to the so-called
“resonance chiral theory” [27–35].
A. Chiral Lagrangians for resonances
Let us start with spin 1 meson resonances, of which the ρ is probably the most relevant exam-
ple. To describe the exchange of vector mesons between x und y, we employ the vector field
formalism of [12] (the vector field V µ contains the ρ fields). We remark that, in the antisym-
metric tensorfield formalism [25], an additional contact term is generated, which is however
only relevant for x−y → 0, while here we are only interested in the behavior at large distances.
The Lagrangian density for the interaction of vector mesons with pions and external vector and
axial-vector source fields is (to lowest order) given by [12]
LintV = −
fV
2
√
2
〈F+µνV µν〉 −
igV
2
√
2
〈[uµ, uν ]V µν〉+ . . . , (43)
V µν = DµV ν −DνV µ := ∂µV ν − ∂νV µ + [Γµ, V ν ]− [Γν , V µ] ,
Γµ =
1
2
(
u†[∂µ − i(vµ + aµ)]u+ u[∂µ − i(vµ − aµ)]u†) ,
F±µν = uF
L
µνu
† ± u†FRµνu , uµ = iu† (∇µU)u† , (44)
FR,Lµν = ∂µ(vν ± aν)− ∂ν(vµ ± aµ)− i[(vµ ± aµ), (vν ± aν)] ,
∇µU = ∂µU − i(vµ + aµ)U + iU(vµ − aµ) , u =
√
U ,
Vµ = ρ
0
µλ¯
ρ0 + ρ+µ λ¯
ρ+ + ρ−µ λ¯
ρ− , λ¯ρ
0
= λ¯pi
0
, λ¯ρ
±
= λ¯pi
±
,
see Eq. (A.1) for the channel matrices λ¯. The vector field propagator in momentum space is
Dαβ(q) = (−i)
gαβ − qαqβM2V
q2 −M2V
. (45)
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The chiral Lagrangian for axial-vector resonances is at leading order (see. e. g. [12], Eq. (52))
LintA = −
fA
2
√
2
〈F−µνAµν〉+ . . . , (46)
Aµν = Dµξν −Dνξµ := ∂µξν − ∂νξµ + [Γµ, ξν ]− [Γν , ξµ] . (47)
The ξµ contain the isovector axial-vector fields (called a1). We show only the terms relevant for
the contributions we calculate below - for a complete list of terms, see Eqs. (15), (49) in [12].
In addition we consider chiral couplings of I = 1 scalar and I = 0 pseudoscalar resonances
(denoted here as a0 and η, respectively) and an isosinglet scalar field called σ (compare e. g.
[36] for an up-to-date review on the lowest-lying scalar resonance). We do not include isovector
pseudoscalar resonance fields, since the corresponding resonances have masses & 1.3 GeV and
are therefore expected to be less relevant for our purposes. At lowest chiral order the pertaining
Lagrangians are of the form (compare [25], Eqs. (3.14-15))
LS = 1
2
〈Dµa0Dµa0 −M2Sa20〉+ cd〈a0uµuµ〉+ cm〈a0χ+〉 , (48)
LP = 1
2
∂µη∂
µη − 1
2
M2Pη
2 + idηη〈χ−〉 , (49)
Lσ = 1
2
∂µσ∂
µσ − 1
2
m2σσ
2 + cσdσ〈uµuµ〉+ cσmσ〈χ+〉 , (50)
Dµa0 = ∂µa0 + [Γµ, a0] , uµ = iu
† (∇µU)u† , χ± = 2B
(
u†(s+ ip)u† ± u(s− ip)u) ,
Γµ =
1
2
(
u†[∂µ − i(vµ + aµ)]u+ u[∂µ − i(vµ − aµ)]u†
)
.
It should be remarked that, although we borrow the notation from [25], our Lagrangians above
represent the two-flavor (chiral SU(2)) versions of the Lagrangians given in this reference.
Estimates for the parameters entering the resonance Lagrangians can be found in Eq. (67) of
[12], and Sec. 4 of [25]. For vector meson masses and couplings at higher quark masses, see also
[37] (fρ =
√
2MV fV ). As the quark mass dependence is formally of higher order in the chiral
expansion, we can e. g. set F ≈ Fpi (etc.). To produce rough estimates one can adopt
F ≈ Fpi ≈ 100 MeV , FV := MV fV ≈ 155 MeV ,
MV ≈Mρ ≈ 800 MeV , FA := MAfA ≈ FV√
2
, 2gV ≈ fV . (51)
The couplings entering the Lagrangians for (pseudo -)scalar resonances are not known to a
satisfying accuracy, while the mass parameters can be approximated by the corresponding
masses of the lowest-lying resonances. We take here MP ≈ 600 MeV. By a comparison with
the chiral SU(3) calculation, we estimate the range |dη| = F4√3 ≈ 10 . . . 15 MeV. cm should be
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(roughly) of order ∼ 50 MeV, cd ∼ 30 MeV (see also Eq. (4) in [32], and Eqs. (54,55) in [35]),
MS ≈ 1000 MeV. From the sigma mass and width, and the comparison to the three-flavor
calculation, we conclude that cσm, c
σ
d should be of the same order of magnitude, c
σ
m,d ∼ cm,d/
√
2.
The reader might object that the use of the resonance Lagrangians specified above is not
justified, because the Fourier integrals of the pole diagrams receive the dominant contribution
from the region where the four-momenta q, q′ obey q2 ∼M2R (whereR stands for the resonances),
which is beyond the regime where the chiral power counting applies. While this is, strictly
speaking, true, and the resonance-exchange terms are not the only higher-order corrections to
the pion-exchange tree graphs, we note that the vertex structures obtained from the above
Lagrangians are basically unique up to quark mass corrections, corrections due to the (soft)
momenta p, p′ of the pions, and corrections of O(q2−M2R). For example, for p, p′ → 0, Mpi → 0,
q2 ∼ q′2 ∼ M2R, the coupling of s0 to the σ is just a constant, while the vertex structures for
the couplings of va, aa to the (axial-)vector resonances must be of the form ∼ gµνq2 − qµqν (up
to field transformations [38]) to ensure that the correct number of degrees of freedom for a
spin-1 particle propagates (transversality of the coupling, see e. g. (A.15)). For a given term
in the Lagrangian, the relative strength of the couplings is fixed (by construction) by chiral
symmetry. One should also be aware of the fact that the coupling constants fV , gV etc. are also
determined from processes where the resonance four-momenta are close to q2 ∼ M2R, and not
soft in the sense of ChPT. Strictly speaking, the chiral power counting of Ref. [25] applies only
when the resonance is strongly virtual, |q2|  M2R. The problem becomes even more severe
when loop graphs with resonance propagators are considered. For a discussion of such issues,
we refer to [31, 39–42], and references therein.
B. Resonance exchange contributions
As explained above, we evaluate some specific higher-order conributions which have the form
of resonance pole-diagrams, to investigate how the leading r−dependence, given by the tree-
level ChPT-contributions calculated in (19)-(38), is possibly modified, and for which range of
distances |~x−~y| those formulae yield reliable predictions. To this end, it is sufficient to evaluate
the resonance exchange contributions for vanishing pion momenta, and in the chiral limit Mpi →
0 (this limit is not critical here, because those graphs come without pion propagators). The
corresponding graph topologies are depicted in Figs. 4,5. Contributions of X-topology, which
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contain a pi-resonance scattering vertex, are chirally suppressed and do not contribute in the
limit considered here.
The σ exchange graphs contribute as
C00SS(R)(x− y) = −
128B2(cσm)
2
F 2
Iσ(x− y) , CPP2(R)(x− y) =
64B2(cσm)
2
F 2
Iσ(x− y) , (52)
while the contributions to CPP1,3 vanish (as they should in the chiral limit, see (C.19)). Here
the label (R) marks the resonance contribution to the correlator, and Iσ(x− y) is given by the
integral IM(x − y) defined in (B.2), with M → mσ (and similarly for the other resonances).
The η and a0 exchange graphs lead to
CSS2(R)(x− y) =
32B2
F 2
(
2d2ηIη(x− y)− c2mIa0(x− y)
)
, CSS1,3(R)(x− y) = 0 , (53)
C00PP (R)(x− y) = −
64B2
F 2
(
2d2ηIη(x− y)− c2mIa0(x− y)
)
. (54)
The ρ and a1 exchange graphs contribute to the isovector V V and AA correlators:
(CV V1(R))
µν(x− y) = 2(fVMV )
2
F 2
(
gµν
(
M2V IV (x− y)− I(2)V (x− y)
)
− (x− y)µ(x− y)νI(3)V (x− y)
)
− 2(fAMA)
2
F 2
(
gµν
(
M2AIA(x− y)− I(2)A (x− y)
)
− (x− y)µ(x− y)νI(3)A (x− y)
)
,
(CV V2(R))
µν(x− y) = −3
2
(CV V1(R))
µν(x− y) , (CV V3(R))µν(x− y) = 0 . (55)
The coefficient functions I
(2,3)
M are defined in Eq. (B.28). For the axial-vector correlator, we
find (CAAi(R))
µν = −(CV Vi(R))µν(x − y), as expected in the chiral and zero momentum limit (see
Eq. (C.13)).
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FIG. 4: Resonance (double line) exchange graphs of “T”-topology.
FIG. 5: Resonance (double line) exchange graphs of “Z”-topology.
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As a specific example, let us consider the pi− → pi+ matrix elements with two u¯(. . .)d operators,
for vanishing pion momenta, x0 = y0 (so that r = |~x− ~y|) and µ = ν = 0 :
C++SS (x− y) := 〈pi+(p′)|u¯(x)d(x)u¯(y)d(y)|pi−(p)〉 = CSS1 (x− y) + CSS2 (x− y) ,
C++PP (x− y) := 〈pi+(p′)|iu¯(x)γ5d(x)iu¯(y)γ5d(y)|pi−(p)〉 = CPP1 (x− y) + CPP2 (x− y) ,
C++V V (x− y) := 〈pi+(p′)|u¯(x)γ0d(x)u¯(y)γ0d(y)|pi−(p)〉 = 4(CV V1 )00(x− y) + 4(CV V2 )00(x− y) ,
C++AA (x− y) := 〈pi+(p′)|u¯(x)γ0γ5d(x)u¯(y)γ0γ5d(y)|pi−(p)〉 = 4(CAA1 )00(x− y) + 4(CAA2 )00(x− y) ,
For easy reference, we give the explicit expressions below:
C++SS (x− y) = 0 +
8B2
pi2F 2r
(
2MPd
2
ηK1(MP r)−MSc2mK1(MSr)
)
, (56)
C++PP (x− y) =
B2Mpi
2pi2r
(MpirK0(Mpir)− 2K1(Mpir)) + 16B
2(cσm)
2mσ
pi2F 2r
K1(mσr) , (57)
C++V V (x− y) =
M2pi
pi2r2
(K2(Mpir)−MpirK1(Mpir))− f
2
VM
4
V
pi2F 2r2
(K2(MV r) +MV rK1(MV r))
+
f 2AM
4
A
pi2F 2r2
(K2(MAr) +MArK1(MAr)) , (58)
C++AA (x− y) = −
M2pi
2pi2r2
(2K2(Mpir) +MpirK1(Mpir)) +
f 2VM
4
V
pi2F 2r2
(K2(MV r) +MV rK1(MV r))
− f
2
AM
4
A
pi2F 2r2
(K2(MAr) +MArK1(MAr)) . (59)
The zero in the first line reminds us of the fact that there is no pion-exchange contribution to
C++SS at leading order. In Figs. 6 and 7, we plot the results for the correlators as a function of
Mpir, for Mpi = 300 MeV and 150 MeV.
The parameters used here are B = 2.5 GeV, F = 100 MeV, mσ = 0.5 GeV,MS = 1 GeV, MP =
0.6 GeV, MV = 0.8 GeV, MA = 1.25 GeV, dη = 15 MeV, cm = 50 MeV, c
σ
m = 35 MeV, fV =
0.2, fA = 0.1 . We observe that, for Mpi = 300 MeV, the resonance contributions become
important already for Mpir . 3, pointing to the fact that the tree-level ChPT results are not
reliable for smaller values of Mpir. For Mpi = 150 MeV, Mpir & 2 seems to be sufficient (but
note that lattice artefacts due to the finite volume, the finite lattice spacing etc. have not
been taken into account so far (see also [11])). The distance between the operator insertions
should therefore not be smaller than ∼ 2 fm if LO ChPT is to be trusted. The effects due to
the resonances are seen to become very pronounced as soon as smaller distances are tested,
and it seems futile to work out pion-loop corrections in the standard framework of ChPT to
improve the description in this region. Note that, in ChPT, the resonance effects are usually
encoded in contact terms of the chiral Lagrangians for the Goldstone bosons. However, the
17
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FIG. 6: C++OO for Mpi = 300 MeV (left) and Mpi = 150 MeV (right), in GeV
4, as a function of Mpir.
Red dashed lines: LO ChPT, blue: LO ChPT + first resonance, black: LO ChPT + first and second
resonance.
Fourier transformation of a momentum-dependent local term will just generate contact-terms
∼ δ3(~x − ~y) in position-space. While this shows that the intermediate region 1 . Mpir . 2
is not amenable to an analysis employing ChPT, it is nonetheless interesting to see whether
the result with added resonance exchange contributions (the black curves in Figs. 6 and 7)
yield reasonable estimates for the measured correlators on the lattice in this region. A first
comparison with preliminary lattice data showed that this seems indeed to be the case. This
will be further discussed elsewhere [10].
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FIG. 7: C++OO for Mpi = 300 MeV (left) and Mpi = 150 MeV (right), in GeV
4, as a function of Mpir.
Red dashed lines: LO ChPT, blue: LO ChPT + first resonance, black: LO ChPT + first and second
resonance.
Appendix A: Feynman rules
We collect the Goldstone boson fields in the matrix
φ = pi0λ¯pi
0
+ pi+λ¯pi
+
+ pi−λ¯pi
−
.
The “channel matrices” are given, in terms of Pauli matrices, by
λ¯pi
+
=
1
2
(τ 1 + iτ 2) , λ¯pi
−
=
1
2
(τ 1 − iτ 2) , λ¯pi0 = 1√
2
τ 3 . (A.1)
They obey the algebraic identity∑
j
(λ¯j†)αβ(λ¯j)γδ = δαδδβγ − 1
2
δαβδγδ ,
19
so that, for arbitrary 2× 2 matrices M,N ,1:∑
j
〈λ¯j†M〉〈λ¯jN〉 = 〈MN〉 − 1
2
〈M〉〈N〉 .
We could equally well work directly with the Pauli matrices instead of the channel matrices.
However, we prefer the channel matrix formalism here, since the generalization to N > 2 flavors
or to the case of isospin violation is straightforward therein, and since we are mostly interested
in specific matrix elements involving the charged or neutral pions.
Vertices for PP, SS :
The (pseudo-)scalar external fields are p = p012×2 + paτa, s = s012×2 + saτa. From L(2)M we can
derive the vertex rules for siφ2 and piφ vertices. Expanding the Lagrangian density in φ and
in the external fields p, s, we find
F 2
4
〈∇µU †∇µU〉 = 1
2
〈∂µφ∂µφ〉+ 1
12F 2
〈[φ, ∂µφ][φ, ∂µφ]〉 + . . . . (A.2)
From this we can construct a φ4 - scattering vertex (jl→ km),
− i
6F 2
(
(pk · pm)(〈[λ¯j, λ¯k†][λ¯l, λ¯m†]〉+ 〈[λ¯j, λ¯m†][λ¯l, λ¯k†]〉)
− (pk · pl)(〈[λ¯j, λ¯k†][λ¯m†, λ¯l]〉+ 〈[λ¯j, λ¯l][λ¯m†, λ¯k†]〉)
− (pl · pm)(〈[λ¯j, λ¯l][λ¯k†, λ¯m†]〉+ 〈[λ¯j, λ¯m†][λ¯k†, λ¯l]〉)
− (pj · pm)(〈[λ¯k†, λ¯j][λ¯l, λ¯m†]〉+ 〈[λ¯l, λ¯j][λ¯k†, λ¯m†]〉)
− (pj · pk)(〈[λ¯l, λ¯j][λ¯m†, λ¯k†]〉+ 〈[λ¯m†, λ¯j][λ¯l, λ¯k†]〉)
+ (pj · pl)(〈[λ¯k†, λ¯j][λ¯m†, λ¯l]〉+ 〈[λ¯m†, λ¯j][λ¯k†, λ¯l]〉)
)
. (A.3)
But also the “mass term” in L(2)M contains a φ4 -contribution:
F 2
4
〈χU † + Uχ†〉 = B
(
F 2〈s〉+
√
2F 〈pφ〉 − 〈sφ2〉 −
√
2
3F
〈pφ3〉+ 1
6F 2
〈(M+ δs)φ4〉+ . . .
)
.
The vertex rule for a single pion coupling to the pseudoscalar source field is thus given by
i
√
2BF 〈λ¯jτa〉 , (A.4)
for an incoming pion j. In particular, the pseudoscalar isosinglet source field does not couple
to single pions (isovector particles) if isospin is conserved (note that the channel matrices are
1 Further identities of this sort are
∑
j〈λ¯j†λ¯jM〉 = 32 〈M〉,
∑
j〈λ¯j†Mλ¯j〉 = 32 〈M〉, or in general
∑
j〈λ¯j†Mλ¯jN〉 =
〈M〉〈N〉 − 12 〈MN〉 , summing over j = pi0, pi+, pi− . The anticommutator is {λ¯j , λ¯k†} = δjk1.
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traceless).
The vertex rules for two pions coupling to the scalar field sa or s0 are given by
− iB〈τa{λ¯j, λ¯k†}〉 or − 2iB〈λ¯jλ¯k†〉 , (A.5)
for an incoming (outgoing) pion j (k), while the vertices for three pions j, k, l (j, l in, k out),
coupling to pa are found as
− i
√
2B
3F
〈τa (λ¯jλ¯lλ¯k† + perm. of λ¯)〉 , (A.6)
(for p0, τa is replaced by 12×2). Setting mu = md =: mˆ, the scattering vertex from the second
part of the Lagrangian is
i
2Bmˆ
12F 2
〈λ¯jλ¯k†λ¯lλ¯m† + perm. of λ¯〉 (A.7)
= i
2Bmˆ
12F 2
〈{{λ¯j, λ¯k†}, {λ¯l, λ¯m†}}+ {{λ¯j, λ¯l}, {λ¯k†, λ¯m†}}+ {{λ¯j, λ¯m†}, {λ¯l, λ¯k†}}〉 .
At leading order in the quark mass expansion, we can replace 2Bmˆ → M2pi .
Vertices for AA, VV :
The isovector source fields are taken as vµ = v
a
µ
τa
2
, aµ = a
a
µ
τa
2
. The necessary Feynman rules
can be derived from the leading order chiral Lagrangian (6). In the expansion of the kinetic
term, we now show the structures including one vector or axialvector source field:
F 2
4
〈∇µU †∇µU〉 = F
2
4
〈uµuµ〉 = 1
2
〈∂µφ∂µφ〉 −
√
2F 〈(∂µφ)aµ〉 −
√
2
3F
〈[φ, ∂µφ][φ, aµ]〉
+ i〈(∂µφ)[φ, vµ]〉+ 1
12F 2
〈[φ, ∂µφ][φ, ∂µφ]〉 + . . .
There are also contact terms (“seagull terms”) involving two source fields, which result in
contributions ∼ δ4(x − y) in position space. Being interested in large distances x − y 6= 0, we
do not treat those terms here. For an incoming pion j with four-momentum qµ coupling to a
source field aaµ, we read off the vertex factor
− qµ F√
2
〈λ¯jτa〉 . (A.8)
One also finds a φ3a vertex (jl→ k, aaµ)
1
3
√
2F
(
pµk (〈[λ¯j, λ¯k†][λ¯l, τa] + [λ¯l, λ¯k†][λ¯j, τa]〉) (A.9)
− pµj (〈[λ¯l, λ¯j][λ¯k†, τa] + [λ¯k†, λ¯j][λ¯l, τa]〉)− pµl (〈[λ¯j, λ¯l][λ¯k†, τa] + [λ¯k†, λ¯l][λ¯j, τa]〉)
)
,
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and the rule for a vector field vaµ attached to two pion fields j → k,
i
2
(pµj + p
µ
k)〈[λ¯j, λ¯k†]τa〉 . (A.10)
Vertices involving spin 1 resonance fields:
The leading Lagrangians for the interaction of the ρ and the a1 resonance fields with the pions
are given in Eqs. (43) and (46). The building blocks occuring in these Lagrangians are collected
in Eq. (44). We need the expansions
uµ = 2aµ −
√
2
F
(∂µφ+ i[φ, vµ]) + . . . , (A.11)
F+µν = 2 (∂µvν − ∂νvµ)−
i
√
2
F
[φ, ∂µaν − ∂νaµ]− 1
2F 2
[φ, [φ, ∂µvν − ∂νvµ]] + . . . , (A.12)
Γµ = −ivµ − 1√
2F
[φ, aµ] +
1
4F 2
[φ, ∂µφ] + . . . , (A.13)
− F−µν = 2 (∂µaν − ∂νaµ)−
i
√
2
F
[φ, ∂µvν − ∂νvµ]− 1
2F 2
[φ, [φ, ∂µaν − ∂νaµ]] + . . . , (A.14)
from which one can obtain a vertex rule for vbν(q)→ ρkα(q),
− i
√
2fV
(
q2gαν − qαqν) 〈(τ b
2
)
λ¯k†〉 , (A.15)
a rule for pii(p)abν(q)→ ρkβ(l),
−
(
2gV
F
(
(p · l)gνβ − pβlν)+ fV
F
(
(q · l)gνβ − qβlν)) 〈[λ¯i, (τ b
2
)
]λ¯k†〉 , (A.16)
and also a vertex rule for pii(p)ρkβ(q)→ pij(p′)vaµ(q′),
ifV
2
√
2F 2
(
(q′ · q)gβµ − q′βqµ
)(〈[λ¯i, [λ¯j†, (τa
2
)
]]λ¯k〉+ 〈[λ¯j†, [λ¯i,
(
τa
2
)
]]λ¯k〉
)
+
i
√
2gV
F 2
((
(p′ · q)gβµ − p′βqµ
) 〈[λ¯j†, [λ¯i, (τa
2
)
]]λ¯k〉 − ((p · q)gβµ − pβqµ) 〈[λ¯i, [λ¯j†,
(
τa
2
)
]]λ¯k〉
)
−
(
ifV√
2F 2
(
(p¯ · q′)gβµ − q′β p¯µ
)
+
i
√
2gV
F 2
(
p′βpµ − pβp′µ
))〈[λ¯i, λ¯j†][(τa
2
)
, λ¯k]〉 .
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Vertices involving spin 0 resonance fields:
The leading Lagrangians for the interaction of the a0 and the η resonance fields with the pions
are given in Eqs. (48)-(50). Below we write out the necessary terms in the expansion of the
building blocks:
uµ = −
√
2
F
∂µφ+ . . . , Γµ =
1
4F 2
[φ, ∂µφ] + . . . , (A.17)
χ+ = 4Bs+
2
√
2B
F
{φ, p} − B
F 2
{φ, {φ, s}} − B
3
√
2F 3
{φ, {φ, {φ, p}}}
+
B
24F 4
{φ, {φ, {φ, {φ, s}}}}+ . . . , (A.18)
χ− = 4iBp− 2
√
2iB
F
{φ, s} − iB
F 2
{φ, {φ, p}}+ . . . . (A.19)
The necessary vertex rules are easily read off from those expressions.
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Appendix B: Momentum space integrals
The master formula of dimensional regularization is (see e. g. [43])∫
ddlEucl.
(2pi)d
(l2Eucl.)
α
(l2Eucl. +M
2)β
=
Md+2α−2β
(4pi)
d
2
Γ(β − α− d
2
)Γ(d
2
+ α)
Γ(β)Γ(d
2
)
. (B.1)
(Here lEucl. is the “euclidean” energy-momentum four-vector, with l
0 ≡ l0Mink. = il0Eucl..
For a space-like distance x− y one can achieve x0 = y0 by a convenient choice of the reference
frame; due to lorentz-invariance, the integral
IM(x− y) :=
∫
ddl
(2pi)d
ie−il(x−y)
(l2 −M2) (B.2)
does not depend on this choice. For x→ y, the integral diverges according to (B.1) (for d→ 4),
IM(0) =
Md−2
(4pi)
d
2
Γ
(
1− d
2
)
. (B.3)
For x 6= y (which we will assume throughout), x0 = y0 the l0-integration can be performed
in the standard fashion, employing a Wick-rotation and the residue theorem (M2 → M2 − i,
d→ 4 etc.), and the integration over the space-like components is elementary,
IM(x− y) =
∫
d3l
(2pi)3
eil·(x−y)
2
√
l2 +M2
=
1
4pi2 |x− y|
∫ ∞
0
|l| d |l|√
|l|2 +M2
sin (|l| |x− y|)
=
M
4pi2 |x− y|K1(M |x− y|) , (B.4)
using the well-known formula∫ ∞
0
u du√
u2 + 1
2n+1 sinuz =
√
pi
Γ(n+ 1
2
)
(z
2
)n
K1−n(z) , (B.5)
where Kν(z) are the modified Bessel functions of the second kind (see e. g. [44]), which obey
2ν
z
Kν(z) = Kν+1(z)−Kν−1(z) , (B.6)
dKν(z)
dz
= −1
2
(Kν−1(z) +Kν+1(z)) . (B.7)
In a similar way one finds
IMM(x− y) :=
∫
d4l
(2pi)4
ie−il(x−y)
(l2 −M2)2 = −
1
8pi2
K0(M |x− y|) cov.= − 1
8pi2
K0(M
√
−(x− y)2) .
(B.8)
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From Lorentz invariance, we must have∫
d4l
(2pi)4
ilµe−il(x−y)
(l2 −M2) = (x− y)
µI
(1)
M ,
∫
d4l
(2pi)4
ilµe−il(x−y)
(l2 −M2)2 = (x− y)
µI
(1)
MM . (B.9)
For the scalar coefficients, one finds
(x− y)2I(1)MM =
∫
d4l
(2pi)4
il(x− y)e−il(x−y)
(l2 −M2)2 =
iM |x− y|
8pi2
K1(M |x− y|)
⇒ I(1)MM =
1
2i
IM(x− y) , (B.10)
I
(1)
M =
iM2
4pi2 |x− y|2K2(M |x− y|) . (B.11)
Furthermore it is easy to see that∫
d4l
(2pi)4
il2e−il(x−y)
(l2 −M2)2 = IM(x− y) +M
2IMM(x− y) . (B.12)
Introducing a four-vector ∆ and an integration over a Feynman-parameter α, one also obtains
I∆MM(x− y) :=
∫
d4l
(2pi)4
ie−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2)
= − 1
8pi2
∫ 1
2
− 1
2
dα eiα∆(x−y)K0 (M(α) |x− y|) , (B.13)
with
M(α) =
√
M2 − ∆
2
4
+ ∆2α2 . (B.14)
M(α) is real for ∆2 < 4M2. A short calculation yields∫
d4l
(2pi)4
i(l ·∆)e−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2) = −i sin
(
∆
2
(x− y)
)
IM(x− y) . (B.15)
In analogy to Eq. (B.10), one finds
iJ∆MM :=
∫
d4l
(2pi)4
i(l · (x− y))e−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2)
=
i
8pi2
∫ 1
2
− 1
2
dα
(
M(α) |x− y| cos (α∆(x− y))K1 (M(α) |x− y|)
+ α∆(x− y) sin (α∆(x− y))K0 (M(α) |x− y|)
)
, (B.16)
so that we can also compute the following integral with a four-vector structure in the numerator,∫
d4l
(2pi)4
ilµe−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2) = (x− y)
µI
∆(1)
MM (x− y) + ∆µI∆(2)MM (x− y) , (B.17)
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with coefficient functions
I
∆(1)
MM (x− y) =
i
k(∆)
(
∆2J∆MM + (∆ · (x− y)) sin
(
∆
2
(x− y)
)
IM(x− y)
)
, (B.18)
I
∆(2)
MM (x− y) =
−i
k(∆)
(
(∆ · (x− y))J∆MM + (x− y)2 sin
(
∆
2
(x− y)
)
IM(x− y)
)
, (B.19)
k(∆) = ∆2(x− y)2 − (∆ · (x− y))2 . (B.20)
For ∆→ 0 we find I∆(1)MM (x−y)→ I(1)MM(x−y) and I∆(2)MM (x−y)→ 0. A generalization of (B.12)
is given by∫
d4l
(2pi)4
il2e−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2) = cos
(
∆
2
(x− y)
)
IM(x−y)+
(
M2 − ∆
2
4
)
I∆MM(x−y) .
(B.21)
We continue with tensor structures in the numerator: The integral
IµνMM :=
∫
d4l
(2pi)4
ilµlνe−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2) (B.22)
can be decomposed in the following way:
IµνMM = g
µνI
∆(3)
MM +(x−y)µ(x−y)νI∆(4)MM +∆µ∆νI∆(5)MM +(∆µ(x− y)ν + ∆ν(x− y)µ) I∆(6)MM , (B.23)
I
∆(3)
MM =
∫ 1
2
− 1
2
dα cos (α∆(x− y)) M(α)K1 (M(α) |x− y|)
8pi2 |x− y| , (B.24)
I
∆(4)
MM =
∫ 1
2
− 1
2
dα cos (α∆(x− y)) (M(α))
2
8pi2
K2 (M(α) |x− y|)
|x− y|2 , (B.25)
I
∆(5)
MM = −
∫ 1
2
− 1
2
dα cos (α∆(x− y)) α
2
8pi2
K0 (M(α) |x− y|) , (B.26)
I
∆(6)
MM = −
∫ 1
2
− 1
2
dα sin (α∆(x− y)) αM(α)K1 (M(α) |x− y|)
8pi2 |x− y| . (B.27)
For ∆ → 0, we find I∆(3)MM → 12IM(x − y), I∆(4)MM → 12iI(1)M (x − y), I∆(5)MM → 112IMM(x − y) and
I
∆(6)
MM → 0 . For a simple propagator, the integral with tensor structure is
IµνM :=
∫
d4l
(2pi)4
ilµlνe−il(x−y)
(l2 −M2) = g
µνI
(2)
M + (x− y)µ(x− y)νI(3)M , (B.28)
with coefficients
I
(2)
M = iI
(1)
M , I
(3)
M = −
M3
4pi2
K3 (M |x− y|)
|x− y|3 . (B.29)
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∫
d4l
(2pi)4
ilµlνl2e−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2) = cos
(
∆
2
(x− y)
)(
IµνM +
∆µ∆ν
4
IM
)
− i
2
sin
(
∆
2
(x− y)
)
(∆µ(x− y)ν + ∆ν(x− y)µ) I(1)M +
(
M2 − ∆
2
4
)
IµνMM . (B.30)
We also need to consider the case with three open Lorentz indices,
IµνρMM :=
∫
d4l
(2pi)4
ilµlνlρe−il(x−y)
((l − ∆
2
)2 −M2)((l + ∆
2
)2 −M2)
= (gµν(x− y)ρ + gµρ(x− y)ν + gνρ(x− y)µ) I∆(7)MM + (x− y)µ(x− y)ν(x− y)ρI∆(8)MM
+ (gµν∆ρ + gµρ∆ν + gνρ∆µ) I
∆(9)
MM + ∆
µ∆ν∆ρI
∆(10)
MM
+ ((x− y)µ(x− y)ν∆ρ + (x− y)µ(x− y)ρ∆ν + (x− y)ν(x− y)ρ∆µ) I∆(11)MM
+ ((x− y)µ∆ν∆ρ + (x− y)ν∆ρ∆µ + (x− y)ρ∆µ∆ν) I∆(12)MM , (B.31)
I
∆(7)
MM = iI
∆(4)
MM ,
I
∆(8)
MM = i
∫ 1
2
− 1
2
dα cos (α∆(x− y)) (M(α))
3
8pi2
K3 (M(α) |x− y|)
|x− y|3 , I
∆(9)
MM = iI
∆(6)
MM ,
I
∆(10)
MM = i
∫ 1
2
− 1
2
dα sin (α∆(x− y)) α
3
8pi2
K0 (M(α) |x− y|) ,
I
∆(11)
MM = −i
∫ 1
2
− 1
2
dα sin (α∆(x− y)) α(M(α))
2
8pi2
K2 (M(α) |x− y|)
|x− y|2 ,
I
∆(12)
MM = −i
∫ 1
2
− 1
2
dα cos (α∆(x− y)) α
2M(α)K1 (M(α) |x− y|)
8pi2 |x− y| . (B.32)
For ∆→ 0, only the coefficients I∆(7,8)MM remain, with I∆(7)MM → 12I(1)M (x− y) and
I
∆(8)
MM
∆→0−→ iM
3
8pi2
K3 (M |x− y|)
|x− y|3 =
1
2i
I
(3)
M . (B.33)
In reference frames where x0 6= y0, one has to substitute |x− y| →√−(x− y)2 everywhere.
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Appendix C: Derivation of soft-pion theorems
In this appendix, we employ the method of soft-pion theorems (see [22, 45–50], or Sec. 11.3 of
[4] for a textbook treatment), to demonstrate some general relations between limiting values
of matrix elements studied in this work. To this end, we neglect the pion mass and treat
only the chiral limit, so that the isovector axial-vector current is also conserved (in addition
to the vector current). We assume that the matrix elements considered here do not diverge
in the chiral limit. For two arbitrary local operators O1,2(x) we then consider the following
fourier-transformed matrix element:
Mρσ(x, y, p
′, p) :=
∫
d4z′
∫
d4z eip
′z′e−ipz〈0|TAjρ(z′)Aiσ(z)O1(x)O2(y)|0〉 , (C.1)
and compute
p′ρpσMρσ =
∫
d4z′
∫
d4z
(
∂ρz′e
ip′z′
) (
∂σz e
−ipz) 〈0|TAjρ(z′)Aiσ(z)O1(x)O2(y)|0〉
=
∫
d4z′
∫
d4z eip
′z′e−ipz∂ρz′∂
σ
z 〈0|TAjρ(z′)Aiσ(z)O1(x)O2(y)|0〉
=
∫
d4z′
∫
d4z eip
′z′e−ipz∂ρz′(〈0|T [Ai0(z), Ajρ(z′)]O1(x)O2(y)|0〉δ(z0 − z′0)
+ 〈0|TAjρ(z′)[Ai0(z), O1(x)]O2(y)|0〉δ(z0 − x0)
+ 〈0|TAjρ(z′)O1(x)[Ai0(z), O2(y)]|0〉δ(z0 − y0)) .
The commutators stem from the derivatives of the theta functions which are implicit in the
time-ordering operation. In order to continue, we need the commutators (summation over the
isospin index k implied, see e. g. [18], Sec. 2.4, for the explicit calculation)
[Ai0(z), A
j
ρ(z
′)]z0=z′0 = i
ijkV kρ (z)δ
3(~z − ~z ′) , [Ai0(z), V jρ (z′)]z0=z′0 = iijkAkρ(z)δ3(~z − ~z ′) ,
[V i0 (z), A
j
ρ(z
′)]z0=z′0 = i
ijkAkρ(z)δ
3(~z − ~z ′) , [V i0 (z), V jρ (z′)]z0=z′0 = iijkV kρ (z)δ3(~z − ~z ′) .
Using these commutation relations one obtains
p′ρpσMρσ =
∫
d4z′
∫
d4z eip
′z′e−ipz
(
〈0|T [[Ai0(z), Aj0(z′)], O1(x)]O2(y)|0〉δ(z0 − z′0)δ(z′0 − x0)
+ 〈0|TO1(x)[[Ai0(z), Aj0(z′)], O2(y)]|0〉δ(z0 − z′0)δ(z′0 − y0)
+ 〈0|T [Aj0(z′), [Ai0(z), O1(x)]]O2(y)|0〉δ(z0 − x0)δ(z′0 − x0)
+ 〈0|T [Ai0(z), O1(x)][Aj0(z′), O2(y)]|0〉δ(z0 − x0)δ(z′0 − y0)
+ 〈0|T [Aj0(z′), O1(x)][Ai0(z), O2(y)]|0〉δ(z0 − y0)δ(z′0 − x0)
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+ 〈0|TO1(x)[Aj0(z′), [Ai0(z), O2(y)]]|0〉δ(z0 − y0)δ(z′0 − y0)
)
.
Considering the case where p′ und p approach zero, and defining
QiA(t) :=
∫
d3~z Ai0(~z, t) , (C.2)
we evaluate all integrations involving delta functions and arrive at an interesting result:
p′0p0M00
p0,p′0→0−→ 〈0|T [QiA(x0), [QjA(x0), O1(x)]]O2(y)|0〉+ 〈0|TO1(x)[QiA(y0), [QjA(y0), O2(y)]]|0〉
+ 〈0|T [QiA(x0), O1(x)][QjA(y0), O2(y)]|0〉+ 〈0|T [QjA(x0), O1(x)][QiA(y0), O2(y)]|0〉 .
If and only if the r.h.s. does not vanish, M00(x, y, p
′, p) must contain a term with a double pole
∼ 1
p′0
1
p0
. Such contributions can exist because 〈0|Aµ|pi〉 does not vanish, so that the operators
A can generate a (massless) pion. Therefore we can extract the pole contribution in question
(a` la LSZ [8], using translation invariance):
M00(x, y, p
′, p)|~p ′→0,~p→0 = 〈0|Aj0(0)|pij〉
i
(p′0)2
〈pij|TO1(x)O2(y)|pii〉 i
(p0)2
〈pii|Ai0(0)|0〉+ . . . ,
(C.3)
(where the dots stand for terms without the double pole) and conclude, with 〈0|Aj0(0)|pij(p′)〉 =
ip′0Fpi and the result above,
〈pij(p′)|TO1(x)O2(y)|pii(p)〉 p,p
′→0−→ − 1
F 2pi
(
〈0|T [QiA(x0), [QjA(x0), O1(x)]]O2(y)|0〉
+ 〈0|TO1(x)[QiA(y0), [QjA(y0), O2(y)]]|0〉
+ 〈0|T [QiA(x0), O1(x)][QjA(y0), O2(y)]|0〉
+ 〈0|T [QjA(x0), O1(x)][QiA(y0), O2(y)]|0〉
)
. (C.4)
In this way the (zero-momentum) pion matrix elements can be expressed through vacuum
expectation values. A simple corollary (setting O2 = 1) is
〈pij(p′)|O1(x)|pii(p)〉 p,p
′→0−→ − 1
F 2pi
〈0|T [QiA(x0), [QjA(x0), O1(x)]]|0〉 . (C.5)
Here is an example: For O1 = S
0 = q¯q and
[QiA(x
0), S0(x)] = iP i(x) , [QiA(x
0), P j(x)] = −iδijS0(x) , (C.6)
[QiA(x
0), Sj(x)] = iδijP 0(x) , [QiA(x
0), P 0(x)] = −iSi(x) (C.7)
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one finds (setting Fpi → F , the decay constant in the chiral limit)
〈pij(p′)|S0(x)|pii(p)〉 p,p′→0−→ − δ
ij
F 2
〈0|S0(x)|0〉 = +2BF
2
F 2
δij = 2Bδij , (C.8)
see Eq. (9) or Eqs. (11.3), (15.9) in [1]. A more interesting result can be derived from the
commutators
[QiA(x
0), V aµ (x)] = i
iakAkµ(x) , [Q
i
A(x
0), Aaµ(x)] = i
iakV kµ (x) , (C.9)
which follow directly from the commutation relations stated above. One finds
[QiA, [Q
j
A, A
a
µ]] = δ
ijAaµ − δiaAjµ , [QiA, [QjA, V aµ ]] = δijV aµ − δiaV jµ ,
and using our theorem (C.4) together with the definitions
〈0|TAaµ(x)Abν(y)|0〉 = δabcAµν(x− y) , 〈0|TV aµ (x)V bν (y)|0〉 = δabcVµν(x− y) , (C.10)
we arrive at
〈pij(p′)|TAaµ(x)Abν(y)|pii(p)〉 → −
1
F 2
(
2δijδab − δiaδjb − δibδja) (cAµν(x− y)− cVµν(x− y)) ,
(C.11)
〈pij(p′)|TV aµ (x)V bν (y)|pii(p)〉 → −
1
F 2
(
2δijδab − δiaδjb − δibδja) (cVµν(x− y)− cAµν(x− y)) ,
(C.12)
and in particular
〈pij(p′)|T (Aaµ(x)Abν(y) + V aµ (x)V bν (y))|pii(p)〉 → 0 . (C.13)
This result is valid in the chiral limit and for vanishing pion momenta, but for an arbitrary
distance x− y: in this respect, it goes beyond the ChPT results.
It is reassuring to see that our results for the correlators are in agreement with (C.13). Com-
paring with the representation in [1] (Eqs. (12.1) and (13.2) in this reference), on tree level,
and in the limit Mpi → 0, p, p′ → 0,
cAGL,µν(x− y) = F 2pi
∫
d4q
(2pi)4
e−iq(x−y)
iqµqν
q2 + i
+ . . . , cVGL,µν(x− y) = 0 + . . . , (C.14)
leaving out higher-order terms and a contact-term contribution ∼ δ4(x− y) (“Seagull”-graph),
with our results for 〈pi|V V |pi〉 in the same limit (see Eqs. (23)-(25))
〈pi|V V |pi〉 → +1
4
∫
d4q
(2pi)4
e−iq(x−y)
iqµqν
q2 + i
(〈[τa, λ¯j†][λ¯i, τ b]〉+ 〈[τ b, λ¯j†][λ¯i, τa]〉)
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= +
(
2δijδab − δiaδjb − δibδja) ∫ d4q
(2pi)4
e−iq(x−y)
iqµqν
q2 + i
, (C.15)
we find consistency with Eq. (C.12) (due to (C.13) this also holds for the corresponding limit
of 〈pi|AA|pi〉). - Further examples:
〈pij(p′)|TS0(x)S0(y)|pii(p)〉 → − 1
F 2
2δij
(
c˜S(x− y)− cP (x− y)) , (C.16)
〈pij(p′)|TP 0(x)P 0(y)|pii(p)〉 → − 1
F 2
2δij
(
c˜P (x− y)− cS(x− y)) , (C.17)
〈pij(p′)|TSa(x)Sb(y)|pii(p)〉 → − 1
F 2
(
δiaδjb + δibδja
) (
cS(x− y)− c˜P (x− y)) , (C.18)
〈pij(p′)|TP a(x)P b(y)|pii(p)〉 → − 1
F 2
(
δiaδjb + δibδja
) (
cP (x− y)− c˜S(x− y)) , (C.19)
where we have used similar definitions as in (C.10),
〈0|TS0(x)S0(y)|0〉 = δij c˜S(x− y) , 〈0|TP 0(x)P 0(y)|0〉 = δij c˜P (x− y) , (C.20)
〈0|TSa(x)Sb(y)|0〉 = δabcS(x− y) , 〈0|TP a(x)P b(y)|0〉 = δabcP (x− y) . (C.21)
In the representation of Gasser und Leutwyler [1], again on tree level (LO):
c˜SGL(x− y) = 0 + . . . , c˜PGL(x− y) = 0 + . . . , cSGL(x− y) = 0 + . . . ,
cPGL(x− y) = G2pi
∫
d4q
(2pi)4
ie−iq(x−y)
q2 + i
+ . . . ,
with Gpi → 2BF , see (7). Our corresponding expressions for the pion matrix elements in the
chiral limit and for p, p′ → 0 (see Eqs. (19)-(21),(B.2),(B.8)) were
〈pij(p′)|TS0(x)S0(y)|pii(p)〉 → 8B2δij
∫
d4q
(2pi)4
ie−iq(x−y)
q2 + i
+ . . . , (C.22)
〈pij(p′)|TP 0(x)P 0(y)|pii(p)〉 → 0 + . . . , (C.23)
〈pij(p′)|TSa(x)Sb(y)|pii(p)〉 → 0 + . . . , (C.24)
〈pij(p′)|TP a(x)P b(y)|pii(p)〉 → (δiaδjb + δibδja) (−4B2IM(x− y)|Mpi→0)+ . . .
= −4B2 (δiaδjb + δibδja) ∫ d4q
(2pi)4
ie−iq(x−y)
q2 + i
+ . . . . (C.25)
Again we find consistency with the theorems (C.16)-(C.19). Note that C1 → 0 in Eq. (19),
because I∆MM → IMM ∼ K0(Mpir) diverges only as log(Mpir) for Mpi → 0, while C3 in (21)
vanishes for p¯ · (x− y)→ 0. In general, for vanishing momenta,
I
∆(1)
MM
∆→0−→ I(1)MM
(B.10)
=
1
2i
IM
M→0−→ − i
8pi2|x− y|2 . (C.26)
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